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Abstract. We present a discussion of the precision for the PHOTOS Monte Carlo algorithm, with improved
implementation of QED interference and multiple-photon radiation. The main application of PHOTOS is
the generation of QED radiative corrections in decays of any resonances, simulated by a “host” Monte Carlo
generator. By careful comparisons automated with the help of the MC-TESTER tool specially tailored for
that purpose, we found that the precision of the current version of PHOTOS is of 0.1% in the case of Z and W
decays. In the general case, the precision of PHOTOS was also improved, but this will not be quantified here.

1 Introduction

In the analysis of data from high-energy physics exper-
iments, one tries to resolve the “experiment = theory”
equation. This non-trivial task requires that a lot of differ-
ent effects be considered simultaneously. From the experi-
mental side, these are mainly detector acceptance and cuts,
which are dictated by the construction and physical prop-
erties of the detector: the shapes of distributions may be
distorted by, say, misidentification and residual background
contamination; these effects need to be discriminated in an
appropriate and well-controlled way. From the theoretical
side, all effects of known physics have to be included in
predictions as well. Only then can experimental data and
theoretical predictions be confronted to determine numer-
ical values of some coupling constants or effects of new
physics (to be discovered).

A well-defined class of theoretical effects consists of
QED radiative corrections. PHOTOS is a universal Monte
Carlo algorithm that simulates the effects of QED radiative
corrections in decays of particles and resonances. It is a
project with a rather long history: the first version was
released in 1991 [1], followed by version 2.0 [2] (double
emission, threshold terms for fermions). The package is in
wide use [3]; recently it was applied as a precision simulation
tool for W mass measurement at the Tevatron [4] and
LEP [5, 6], and for CKM matrix measurements in decays
of K and B resonances (NA48 [7], KTeV [8], Belle [9],
BaBar [10] and in Fermilab [11]).
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Throughout the years the core algorithm for the gener-
ation of O(α) corrections did not change much; however,
its precision, applicability to various processes, and nu-
merical stability improved significantly. Increased interest
in the algorithm expressed by experimental collaborations
(including future LHC experiments) was a motivation to
perform a more detailed study of the potential and preci-
sion of the PHOTOS algorithm; also new functionalities,
such as multiple photon radiation and better interference
corrections, were recently introduced. The main purpose of
this paper is however not to document the new features of
PHOTOS, as this will be done elsewhere [12,13], but rather
to present the results of precision tests of the algorithm.

Our paper is organized as follows. In Sect. 2 we present
the physical problemand furthermotivation for our studies.
In Sect. 3 we recapitulate the properties of the PHOTOS
algorithm. In Sect. 4 we present the testing procedure and
necessary tools we employed to obtain our main results,
which are presented in Sect. 5. Finally, Sect. 6 summarizes
the paper and gives an outlook to further developments. In
the appendixwedescribe themost important features of the
new version of the PHOTOS code. Because of its temporary
character the appendix is included in the preprint version
of the paper only [14].

Some results of the tests and improvements of PHO-
TOS, relevant to τ physics, have already been discussed
in [15].

2 Physical problem and developed solution

Although QED bremsstrahlung in particle decays is one
of the most elementary effects in quantum mechanics, it is
not usually considered explicitly; to simplify, calculations
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are performed for inclusive quantities. In fact, it is only the
case of a few specific decay channels, where exact fixed-
order (e.g. O(α2)) fully differential formulae, with spin
amplitudes or matrix elements squared, are available in
analytical, semi-analytical or Monte Carlo form. Nonethe-
less, in the analysis of the experimental data, radiative
corrections are usually treated together with the detec-
tor effects (e.g. conversion, detector efficiency) to form the
“QED-subtracted” data. The control of the uncertainties
of such data becomes a weak point: theoretical uncertain-
ties appear on both sides of the “theory = experiment”
equation [16]. This problem does not seem to be so evident
for “discovery” experiments or measurements performed
on small statistical samples: usually the effects of radiative
corrections do not exceed a few per cent.

Conversely, for high-precision measurements (as those
performed nowadays), good control of the radiative cor-
rections becomes vital not only for the assessment of the
overall experimental error of the respective cross-sections
or branching ratios, but also for the shapes of the distri-
butions.

The effects of radiative corrections gradually became
an important topic in the context of such measurements as
high-precision measurements of W -boson properties (see,
for instance, the combined results of Tevatron runs [4]), or
B, D, K meson decays for measurements of CKM-matrix
coefficients in B physics [17]. With increasing statistics
of available experimental data, QED radiative corrections
have become a significant element in the systematic error
of the measured quantities.

Strict, systematic calculations performed order-by-or-
der in the perturbation theory are usually not the most
efficient way of including the effects of bremsstrahlung.
To improve the convergence of the perturbative expan-
sion, the most popular method in QED is exponentiation,
a rigorous scheme of reshuffling the dominant terms be-
tween orders of expansion. This method is useful for the
construction of Monte Carlo algorithms as well [18,19]. In
the leading-log approximation, partially inclusive formu-
lae exhibit factorization properties of QED; see e.g. [20].
A matrix element formula for particle decay accompanied
by bremsstrahlung photon emission may be factorized to
Born-level terms times the bremsstrahlung factor1.

Similarly, a fully differential formula for Lorentz-in-
variant phase space for particle decay accompanied by a
number of photons may be expressed in a way that exhibits
factorization properties. It is used, for example, in the con-
struction of the TAUOLA algorithm for lντ ν̄l(γ) [23]. The
important property of this parametrization is the full cov-
erage of the phase space and the exact (i.e. free of approx-
imations) treatment. The price to pay is that the variables
describing each added photon are defined in individual rest
frames, separated by boosts, making the question of the

1 For some cases this factorization property is also present for
non-approximated formulae, e.g. for the O(α) ME formula for
Z-boson decays as implemented in MUSTRAAL [21,22] at fully
differential level. In [1] it was shown, contrary to the previous
expectations, that this factorization has a natural geometrical
interpretation as well.

choice of gauge fixing a very subtle point of the theoretical
bases of the algorithm [24].

As a result of the studies of the second-order matrix
element, in particular for Z → µ+µ−γγ and gg → tt̄γγ
(performed already in 1994 [25,26]), the iterative properties
of the bremsstrahlung-adding formula have been identified
and a universal photon-emission kernel has been isolated
and double-photon emission implemented in PHOTOS.
However, at that time, the question of precision was left out
of the discussion. The main application was an estimate of
the background to the Higgs boson searches in the H → γγ
channel. Only double hard-photon bremsstrahlung was of
interest, and a precision of about 10% on the cross-section
was sufficient.

3 Main features of the PHOTOS algorithm

PHOTOS is an “after-burner” algorithm, which adds
bremsstrahlung photons to already existing events, filled
in by a host generator (which does not take into account
the effects of QED radiative corrections) and transmitted
by means of a standard HEPEVT event record (only the
information about four-vectors of particles taking part in
the process and the topology of the process are needed).
PHOTOS adds (with a certain probability) final-state QED
radiation in “any” decay of particle or resonance, indepen-
dent of the physics process that was generated. As the result
of its execution, bremsstrahlung photons are added in a
fraction of the events in the HEPEVT event record, taking
into account event topology and momentum conservation.

The single-photon version of the PHOTOS algorithm
originates from the MUSTRAAL Monte Carlo [21,22], in its
part for the Z → µ+µ−(γ) process. The original algorithm,
although maintaining full O(α) precision and exposing fac-
torization properties, was however dependent on the un-
derlying process2. A downgrade was therefore required to
make the algorithm process independent: the interference
terms were removed from the formula, and later restored in
an approximated way for a limited set of processes (decays
of neutral particles into two charged particles of the same
mass) by introducing a Monte Carlo interference weight.

In the iterative algorithm for (fixed-number) multiple-
photon emission in PHOTOS, the probability of photon
generation is based (at crude level) on a binomial distribu-
tion, i.e. the probability for generating and not generating
a photon is calculated in each iteration. Encouraged by the
precision of PHOTOS with a photon multiplicity higher
than 2 (subsequent terms in the expansion improved the
agreement with exact calculations), we decided to replace
the binomial distribution with a Poissonian distribution
for the number of photons to be generated. In this new
Poissonian mode, the algorithm is no longer limited to
a fixed maximal number of photons: the actual number
of photons is also generated (at this “crude-generation”
level). The modification set the algorithm free from the

2 It remains implemented in the first published version of
KORALZ 3.8 [27], with multiple initial-state bremsstrahlung
and single final-state radiation.
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negative-probability problem as well. At a crude level, the
total probability for single-photon emission in the iterated
kernel does not need to be smaller than 1, because it is
multiplied by the exponent of an equally large, but nega-
tive, number3. Because the crude distribution resembles an
expansion of an exponent we call this version of multiple-
photon algorithm an “exponentiated mode” of PHOTOS.
Our approach is also close to the language of exponentiation
as known in QED since Yennie–Frautchi–Suura times [28].
The exponentiated mode has proved to be more stable,
allowing us to significantly lower the value of the infrared
cut-off on the photon energy as well.

A flexible organisation of iteration [29] and phase-space
variables in the PHOTOS algorithm not only allows for a
full phase space coverage, but also seems to introduce some
higher-order effects, as will be discussed later in the paper
(Sect. 5.2). This was achieved by careful studies and com-
parisons with matrix-element calculations [24–26], without
need of any kind of phase-space ordering.

Problems with the numerical stability may occur when
the four-vectors passed in the event record have insuf-
ficient precision. PHOTOS is very sensitive to rounding
errors and momentum conservation in the event record,
especially when the multiple-photon-emission mode of op-
eration is used. At each iteration of the photon-emission
kernel numerical rounding errors are accumulated.

Driven by the needs of B-physics experiments, a new,
universal interference weight was implemented, allowing
for the calculation of an interference for “any” process (see
also Sect. 5.4). Although the formula for this interference
weight is given already in (17) of [2], its integration with
the PHOTOS code was not trivial until work presented
in [30]; it was this modification for W decays, that made
the implementation possible for every decay.

From the point of view of the precision of the obtained
results, the PHOTOS algorithm may work in three regimes:
(1) as a “crude-level” tool for bremsstrahlung generation
in decays of any particle or resonance,
(2) as a precision tool for dedicated decay channels (at
present Z and W decays),
(3) as a precision tool incorporating matrix-element cal-
culations (not exploited so far).

At a “crude level”, only the leading-log soft-photon
parts of the matrix element should be expected to be cor-
rectly included in the PHOTOS algorithm4. PHOTOS is
most often used as a general-purpose tool, thus working at
the “crude level” of precision. The precision of the results
cannot be guaranteed in this working regime; a typical
example of use could, however, be the generation of full

3 This is trivial: if p is the probability in the binomial dis-
tribution, it must be smaller than 1; however it does not need
to have in a Poissonian distribution given by Pn = 1

n! e
−ppn.

4 It can be estimated that the physical uncertainty of the
PHOTOS algorithm, with double emission and working on
the decay of particle P into a charged particle ch and the

neutral system Yi, is then not smaller than α
π or

(
α
π log m2

P

m2
ch

)3
,

whichever is bigger.

bremsstrahlung phase-space coverage for acceptance stud-
ies only.

For the particular decay channel, the PHOTOS algo-
rithm could then be upgraded to regime (2) or (3), depend-
ing on the form of the necessary compensating weight. At
present, the algorithm employs a number of improvements
(with the help of the correcting weight) and takes into
account such effects as the threshold terms for fermions
and the impact of the spin of the emitting particle. Other
effects (e.g. the impact of spin of a decaying particle or the
influence of spin on interference terms) are not at present
taken into account.

The impact of the approximations and missing terms
on the precision of PHOTOS, when used in regime (2), that
is for W and Z decays, is the main subject of this paper.

4 Test definition

Our approach to the study of precision of the PHOTOS
algorithm presented in this paper is based on numerical
comparisons of results obtained from PHOTOS with re-
spect to the results produced by other reference Monte
Carlo generators. The reference generators that we used
employ formulae based on the full (i.e. non-approximated)
fixed-order matrix-element calculations with or without ex-
ponentiation; their precision level is well established, both
by theoretical considerations and by comparisons with ex-
perimental data. The advantage of such an approach is
obvious: it allows us not only to check the theoretical pre-
cision of the approximation used, but also verifies that there
are no accidental errors in the actual computing code.

This approach is probably more appealing to the prac-
tically-oriented user than to the theoretically-oriented one.
We leave more profound theoretical studies for the future,
to be possibly performed in the context of feasibility studies
of the applicability of methods used in PHOTOS to QCD.

We have tested PHOTOS against a limited number of
event generators and for a limited number of processes.
The choice of processes was dictated not only by physics
interests, but also by the availability of Monte Carlo gen-
erators with well-controlled and established precision. The
following processes were studied.
(1) Z0 → µ−µ+: for this process the LEP era generators
KORALZ [19,31] and KKMC [18] could be used. Note that
these programs agreed well with practically all experimen-
tal data of the LEP measurements. The KKMC generator
is based on O(α2) ME calculations with spin-amplitudes
technique and exponentiation. It can also be used in O(α)
ME exponentiated mode. In the case of KORALZ, gener-
ation at first-order matrix element and no exponentiation
were available as well.
(2) W+ → µ+νµ(γ): for this process the WINHAC [32]
generator is available for multiple photon generation in
decay. It is based on first-order matrix element and ex-
ponentiation. Comparison of PHOTOS with a first-order
matrix-element generator without exponentiation can be
found in [30]; we will not repeat it here.
(3) H → µ+µ−(γ): comparison of PHOTOS with a first-
order matrix-element generator without exponentiation
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can be found in [33]; we will not repeat it here.
(4) For leptonic τ decays, complete QED first-order gen-
eration with the TAUOLA [23] generator was available for
tests; TAUOLA was widely used and compared successfully
with LEP and CLEO data [34,35].

The event generators and physical initializations men-
tioned above will be referred to as “reference generators”.
They were used to produce reference results used in com-
parisons with PHOTOS.

The testbed constructed from the event generators dis-
cussed above had one very important feature: it allowed
a test of PHOTOS against several algorithms that dif-
fer in physical content and precision. Tests started from
an exact O(α) matrix element for single-photon emission
(non-exponentiated KORALZ and TAUOLA) compared
with a single-photon version of PHOTOS), and went on
to multiple-photon generators (exponentiated versions of
KKMC, KORALZ and WINHAC) compared with
triple-, quartic- and exponentiated multiple-photon modes
of PHOTOS.

To operate, PHOTOS needs events produced by a
“host” generator as an input. We exploited the possibility
of deactivating the bremsstrahlung generation in reference
generators, to turn them into QED Born-level “host” gen-
erators.

Let us now define the method for automated tests that
were used to obtain the results presented later in this paper.
To facilitate the systematic comparisons, we adopted a
specially designed tool: MC-TESTER, described in detail
in [36]. The principle of an underlying test is to analyze the
series of events produced by two distinct Monte Carlo event
generators (or a sequence of several generators combined
together) and to extract characteristic distributions in an
automatic way. In practice, we search for distinct decay
channels of the particle of interest and store histograms
with distributions of all invariant masses that can be formed
from the four-momenta of its decay products.

For a selected decay process, in cases discussed here, Z,
W and τ decays, the distributions are extracted from the
event record in an automated way (thereby limiting the
effort for setting up the appropriate analysis code, and also
the risk of accidental errors) and stored in the output files.
Two output files (from distinct runs of event generators
instrumented with MC-TESTER) are then analyzed, and
the results are presented in a form visualized as a “booklet”
of plots and tables. The user is given general information
concerning two compared runs of Monte Carlo generators,
a list of the decay channels with their branching fractions,
and the maximum values (for each decay channel) of the
shape difference parameter (SDP)5. For each decay channel

5 The shape difference parameter defined in [36] quantifies
the difference in shape of the histograms coming from two com-
pared runs. The histograms contain distributions of all possible
invariant masses, which can be constructed from the momenta
of the decay products of the particle under study; hence there
is a set of histograms for every decay channel. The SDP value is
calculated for each histogrammed mass: it quantifies the exclu-
sive surface between the (normalized to unity) corresponding
histograms obtained from the two runs. The effects of statis-

the plots of histogrammed values are then included: each
plot presents the two distributions from two distinct runs,
and the curve being a ratio of the normalized distributions;
the value of the SDP is also printed for each plot.

The testing approach implemented in MC-TESTER
was already very useful in the case of validation of the
TAUOLA package; however, for the purpose discussed here
it required further adaptation. The problem was in the
consistent treatment of the arbitrary number of final-state
QED bremsstrahlung photons that might be present in
the event, the ambiguity caused by infrared singularities
of QED, which is handled differently by the various Monte
Carlo programs.

Our aim was to develop a technique where comparisons
would make physical sense, would be automatic and inde-
pendent of the way infrared singularities are regularized
in particular generators. For our analysis, we defined zero-
, one-, and two-photon topologies in the following way:
we called the event “zero photon” if there was no photon
of energy (in a decaying particle rest-frame) larger than
the parameter Etest. The “one-photon” event had to have
one (and only one) photon of energy larger than Etest.
If there were more than one such photon, we called it a
“two-photon” event. If there were more than two photons
of energy larger than Etest, we considered only the two
most energetic ones, and treated the remaining ones as if
they had not passed the Etest threshold. For all the pho-
tons that did not pass the Etest threshold we performed an
operation inspired by leading-log logic: we added their four-
momenta to the momenta of outgoing fermions of smaller
angular separation.

We defined two variants for this test definition: test1
and test2. The test2 was exactly as explained above. In
test1, only one photon (the most energetic one) could be ac-
cepted6. The free parameter of the test, Etest, was adjusted
for each process so that the results had physical sense.

Because of the space limitation we cannot present com-
plete “booklets” with results of comparisons; for the pur-
pose of this paper we decided to extract the most vital
information: the branching ratios for events with 0, 1 and
2 photons (0 and 1 if test1 was used) and the maximum
value of SDP throughout all the plots in a channel. Com-
plete results with summary tables and all analysis booklets
are available on the web [37]. The tests were based on high-
statistics runs (108 non-weighted events) for all generators.

Finally, let us stress that an essential preliminary step
for the tests presented here was to assure the numerical
stability of PHOTOS. As a consequence, we could deter-
mine that PHOTOS may be used for processes at very
high energies (i.e. at the scale of LHC energies and even at
astrophysical ones). The infrared cut on the photon energy
may be lowered to 10−7 from the 10−2 value that had to be
used before, when the option for the exponentiated mode
was not available.

tical fluctuations are appropriately subtracted. The maximum
of SDP over all distributions for a given decay channel is taken.

6 If needed, this scheme could be generalized, for instance, to
define test3, where up to three photons of energies above Etest

could be accepted, leading to a fourth distinct decay channel.
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5 Numerical results

The results presented here cover two issues: the precision
of the predictions obtained for the single-photon-emission
kernel and the convergence of the iterative solution. At
first, in Sect. 5.1, we will discuss the comparisons of a
single-photon-emission kernel implemented in PHOTOS
with other genuine first-order generators. In Sect. 5.2, we
will discuss tests for multiple-photon generation. Finally,
in Sect. 5.3, we will discuss the applicability of PHOTOS
at very high energies.

As mentioned before, we aim at comparing, in total, six
versions of distinct Monte Carlo programs with five distinct
modes of executing PHOTOS. Let us specify them here
(including acronyms that will be used throughout the text).
(1) KORALZ O(1): KORALZ [31] with O(α) ME for Z0 →
µ+µ−(γ), no exponentiation, single-photon emission;
(2) KORALZ: KORALZ [31] with O(α2) ME for Z0 →
µ+µ−(γ) and exponentiation (multiple-photon emission);
(3) KKMC: KKMC [18] with O(α2) ME for Z0 → µ+µ−(γ)
and exponentiation at spin-amplitudes level;
(4) KKMC O(1)EXP: KKMC [18] with O(α) ME for Z0 →
µ+µ−(γ) and exponentiation;
(5) TAUOLA: TAUOLA [23] with O(α) ME for τ →
lν̄lντ (γ) (single-photon emission);
(6) WINHAC EXP: WINHAC [32] with full O(α) ME for
W → lν̄l(γ) and exponentiation;
(7) PHOTOS O(1): PHOTOS, no iteration;
(8) PHOTOS O(2): PHOTOS algorithm iteration up to
two times;
(9) PHOTOS O(3): PHOTOS algorithm iteration up to
three times;
(10) PHOTOS O(4): PHOTOS algorithm iteration up to
four times;
(11) PHOTOS EXP: PHOTOS algorithm with exponen-
tiation, multiple-photon generation.

Before we proceed with a presentation of the results,
let us, however, briefly describe the approach taken for this
presentation and their numerical quantification.
(1) As described in Sect. 4, we quantify the difference be-
tween results produced by two generators by calculating
branching ratios for events with 0, 1 or 2 photons with
energy above the Etest threshold, and the maximum val-
ues of the SDP parameter of all combinations of invariant
masses in the specific channel (with 0, 1 or 2 photons) for
a given comparison.
(2) In the discussion of the results we will also often use
a single value of the “overall difference”, being either the
maximum of differences in branching ratios or the max-
imum of products of SDP and corresponding branching
ratios7. We then take the larger of the two and express it
in per cents.

Later in this section we present only the simplified sum-
mary tables and plots where the differences in distributions
(quantified by the SDP parameter) are most significant. In

7 For instance, in case of the table in Fig. 1 the difference in
branching ratios is 0.82514 − 0.82362 = 0.00152, the product
SDP × BR = 0.0053 ∗ 0.176 = 0.00093, so that the first value
is taken as the overall difference for that test: 0.152%.

the summary tables the first line (appearing in bold font)
refers to the results produced by the reference generator,
the others refer to results of runs of generators being tested.

5.1 Single-photon emission kernel

In this subsection we focus on the quality of the single-
photon emission kernel in the PHOTOS algorithm. We
perform a systematic comparison of PHOTOS with gener-
ators that implement O(α) matrix element for Z, W and
τ decays.

The purpose of these testswas to assess the impact of the
simplifications of the photon-emission kernel implemented
in PHOTOS on the precision of its predictions (in the
PHOTOS kernel the non-leading O(α) terms are omitted).

At first, let us present the comparisons made in the
Z → µµ(γ) channel. In fact, the original PHOTOS algo-
rithm was created by gradual simplification of the exact ME
formula for this process, so the universal emission kernel
could have been identified. Therefore this process remains
a benchmark for PHOTOS single-emission algorithm, its
precision and design. The approximations are well under-
stood and may in fact be restored for this particular case.

We compare PHOTOS with KORALZ Monte Carlo in
single-photon emission mode. This test, which was already
performed a long time ago (when PHOTOS was being
developed), has been reproduced now, and confirmed that
no accidental error has occurred since then. The results of
this comparison are presented in Fig. 1.

GENERATOR Branching ratio Max SDP
n photons → 0 1 0 1
KORALZ O(1) 0.82514 0.17486
PHOTOS O(1) 0.82362 0.17638 0 0.0053
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Fig. 1. Predictions of KORALZ (with O(α) matrix element and
single-photon emission) are compared with predictions of PHO-
TOS (running in single-photon option) for the Z0 → µ+µ−(γ)
channel, Etest = 1.0 GeV. The plot presents the distribution of
the invariant mass of a µ−µ+ pair coming from KORALZ (in
red, or darker-grey) and PHOTOS (in green, or lighter-grey);
the black line is the ratio of the two normalized distributions.
The red and green lines are hard to separate – they practi-
cally overlap
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One may notice that the difference in branching ratios
for channel with and without photon are at the per mil
level. The differences in distributions (the maximum value
of SDP multiplied by branching ratios) indicate agreement
better than permil: we have quantified the overall difference
as 0.15%.

The dominant contribution to the difference originates
from a very sparsely populated area of the phase space,
where the invariant mass of the lepton system is small, and
very hard photons were emitted. The discrepancy between
the distributions does not exceed 20%, even in this cor-
ner of the phase space, though. It is visible in the slope
of the black curve denoting the ratio of the two distribu-
tions. In this region of the phase space the approxima-
tions (with respect to O(α)) used in PHOTOS are the
largest. The differences are too small to justify the imple-
mentation of a channel-dependent correction weight. For
the case of W -boson decays, we refer the reader to [30],
where the comparison of PHOTOS and a O(α) ME gen-
erator SANC [38]8 for the W → µν̄µ(γ) process is given.
This paper provides also the theoretical background for the
W interference weight implemented in 2003 in PHOTOS
2.07. The presented tests indicate a very good agreement
between PHOTOS and SANC: up to a level of 1% (statis-
tical error) in the majority of the areas of the phase space,
within 5% for parts of distributions where collinear-induced
logarithms are absent and 10% in the regions where only
non-leading corrections contribute to the matrix element.
The paper [33] presents the comparison of various distribu-
tions from PHOTOS and SANC [38] generators for Higgs
boson decays: an agreement at the level of 1% (statistical
error) was found all over the phase space.

We consider the results of these tests, published in rel-
atively recent papers [30, 33], as being relevant and com-
plementary to the tests presented here. Therefore we do
not repeat the comparison of WINHAC generator [32] and
PHOTOS in single-photon emission mode.

We have however exploited the opportunity of having
another comparison with full O(α) matrix element gen-
erator, that is TAUOLA [23] for leptonic τ decays. The
results of the comparison in the τ− → µ−ν̄µντ (γ) decay
channel are presented in Fig. 2. The overall difference was
quantified as 0.11%. The agreement between the PHOTOS
and TAUOLA results is excellent. In the τ− → e−ν̄eντ (γ)
channel, the agreement is equally good.

5.2 Iterating emission kernels

In this subsection we cover the comparisons of PHOTOS
with other generators for multiple-photon generation. In
multiple-photonmode, thePHOTOSalgorithm iterates the
single-photon-emission kernel, of which the precision was
established in the previous subsection. The main questions
to be answered by the group of tests presented here were the

8 SANC calculates complete one-loop amplitudes for the de-
cays of on-shell vector bosons: W , Z or the standard model
Higgs boson; an exact, single, real-photon emission matrix el-
ement is obtained that way.

GENERATOR Branching ratio Max SDP
n photons → 0 1 0 1
TAUOLA 0.98916 0.01084
PHOTOS O(1) 0.98927 0.01073 0 0.0044

Fig. 2. Predictions for exact O(α) in TAUOLA are com-
pared with single-photon emission of PHOTOS in the τ− →
µ−ν̄µντ (γ) channel, Etest = 0.05 GeV. The plot presents the
distribution of the invariant mass of the ν̄µντγ system com-
ing from TAUOLA (in red, or darker-grey) and PHOTOS (in
green, or lighter-grey); the black curve is the ratio of the two
normalized distributions

ones concerning the convergence of the PHOTOS iterative
algorithm for photon emission to solutions implemented in
other generators.

The KKMC Monte Carlo program [18] played an im-
portant role in multiple-photon comparisons: it is the only
available Monte Carlo routine that implements a complete
O(α2) matrix element for two hard-photon emission in the
Z → µ+µ−n(γ) channel. Because of its superior quality
with respect to KORALZ [31] (which implements O(α2)
ME with more approximations) it was used as the refer-
ence generator throughout all tests in this channel. Before
continuing with tests of PHOTOS let us first compare the
KORALZ and KKMC Monte Carlo programs to assess
the impact of the presence of second-order terms in the
calculations. The results of comparisons performed using
test1 are presented in Fig. 3. The overall difference is below
a per mil level; however, with samples of 108 events the
contribution from those O(α2) terms that are missing in
KORALZ is already visible. As will be shown later, the
differences are in fact at the level of (and are comparable
in shapes to) the differences observed between KORALZ
and PHOTOS.

We start the tests of PHOTOS from comparisons for
the benchmark decay Z → µ+µ−n(γ). The complete sum-
mary of results is presented in Table 1 (as usual, complete
results, with MC-TESTER booklets are available from the
web page [37]).

We tested PHOTOS running with various options for
photon multiplicity: fixed (two to four) order and the expo-
nentiated versions against the reference KKMC generator.

We observed that adding subsequent iterations of the
photon-emission kernel improves the agreement between
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Table 1. Summary of multiple-photon comparisons in Z0 → µ+µ−n(γ) channel (Z0 at resonance peak,
CMS rest-frame); Etest = 1.0 GeV. KKMC was used as a reference generator. For KKMC–KORALZ
comparison the overall difference is 0.066%, for KKMC–PHOTOS EXP it is 0.081%, for KKMC–KKMC
O(1)EXP it is 0.137% (all differences are for test1 )

GENERATOR Branching ratio Max SDP
test1 test2 test1 test2

n photons → 0 1 0 1 2 0 1 0 1 2

KKMC 0.83918 0.16082 0.83918 0.14816 0.01266

KORAL Z 0.83984 0.16016 0.83984 0.14771 0.01244 0 0.0021 0 0.0012 0.0012
PHOTOS O(2) 0.83925 0.16075 0.83925 0.14630 0.01445 0 0.0067 0 0.0035 0.0122
PHOTOS O(3) 0.83832 0.16168 0.83832 0.14889 0.01280 0 0.0038 0 0.0025 0.0080
PHOTOS O(4) 0.83836 0.16164 0.83836 0.14871 0.01293 0 0.0040 0 0.0027 0.0058
PHOTOS EXP 0.83837 0.16163 0.83837 0.14868 0.01295 0 0.0041 0 0.0023 0.0092
KKMC O(1)EXP 0.83781 0.14881 0.01338 0 0.0099 0.0467

GENERATOR Branching ratio Max SDP
n photons → 0 1 0 1
KKMC 0.83918 0.16082
KORALZ 0.83984 0.16016 0 0.0021

Fig. 3. Comparison of predictions from KKMC (O(α2) ME
with exponentiation at the level of spin amplitudes) and KO-
RALZ (O(α2) ME with exponentiation) in the Z0 → µ+µ−(γ)
channel, Etest = 1.0 GeV, test1 used for analysis. The plot
presents the distribution of the invariant mass of a µ+µ− pair
coming from KKMC (in red, or darker-grey) and KORALZ
(in green, or lighter-grey); the black line is the ratio of the
two normalized distributions. The effects due to different types
of exponentiation are small, albeit noticeable, and constitute
0.066% overall difference

PHOTOSandKKMC.Thedifference in the results between
quartic-iteration and exponentiated version of PHOTOS
are negligible; however, the exponentiated version is tech-
nically superior, because it may work with a much lower
value of the infrared cut-off parameter (see the appendix
of [14] for details).

It is striking that the agreement between the exponen-
tiated versions of PHOTOS and KKMC is best if the full
O(α2) exponentiated matrix element is used in KKMC; if

KORALZ with exponentiated O(α) is used9 or the matrix
element in KKMC is downgraded to exponentiated O(α)
only (see the last row in the table), the agreement is not
as perfect, but it is still good enough for any application
we can imagine at present.

The dominant differences are visible in the branching
fractions for channels with distinct numbers of photons
with energies above Etest. The pattern of differences may
indicate that leading terms summed by an iterated PHO-
TOS kernel give a better precision than any first-order
exponentiated ME generator for this process.

To investigate this hypothesis further, we have turned
our attention to acoplanarity distributions obtained from
PHOTOS and KKMC. One of the effects brought about by
NNLO terms of O(α2) ME is the asymmetry in the acopla-
narity distributions. To define acoplanarity, the two planes
are spanned on momenta vectors of µ− and the two hardest
photons. In Fig. 4a we show the acoplanarity distributions
from the KKMC generator with O(α2) and O(α) exponen-
tiated matrix-element modes10. As expected, the distribu-
tion is flat for theO(α) exponentiatedmode and asymmetry
appears for the O(α2) exponentiated mode only.

InFig. 4bwepresent the acoplanarity distributions from
the exponentiatedO(α2) MEmode of KKMCand exponen-
tiated version of PHOTOS. Surprisingly, PHOTOS seems
to reproduce the bulk of this NNLO effect! This rather
subtle effect requires investigation. PHOTOS does not use
any kind of phase-space ordering, but, at the time when
the second photon is generated, the momentum of the pre-
vious one is changed and so the correlations between the
directions of two photons appear. We shall not elaborate
further on this effect here; however, we believe that further
enhancements of the precision of the PHOTOS algorithm
in this respect may be possible, for instance by introducing
an asymmetry in the generation of a photon polar angle (a
uniform distribution is currently used in the emission ker-
nels).

9 These results are not included in this paper.
10 In order to make the effect visible, we used the following
cuts: only the events with both photons in the same hemisphere
as µ− and having pt > 1.5 GeV were recorded in the histogram.
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Fig. 4. Acoplanarity distributions in the Z0 → µ−µ+γγ chan-
nel. The ratios of the distributions are plotted in black. For
more details see Sect. 5.2. a Comparison of KKMC in exponen-
tiated O(α2) mode (in red, or darker-grey) and exponentiated
O(α) mode (in green, or lighter grey). b Comparison of KKMC
in exponentiated O(α2) mode (in red, or darker-grey) and the
exponentiated PHOTOS algorithm (in green, or lighter grey)

Let us now present the results of the comparisons of the
exponentiated mode of PHOTOS and full O(α) exponenti-
ated ME predictions of WINHAC for the W → lν̄l(γ) chan-
nels. Both programs were running in exponentiated mode.
The complete summary of results is presented in Table 2.

The details of one of these comparisons are presented
in Fig. 5. The overall agreement is better than per mil.
The maximum value of SDP in configurations with two
hard photons are larger for some tests (reaching the level
of 0.0255 in the last row of the table); however, this is a
channel with rather small branching fraction.

Finally, let us turn to τ− → µ−ντ ν̄µ(γ) decay. The
comparison of predictions from the exponentiated version
of PHOTOS and full O(α) ME of TAUOLA are presented
in Fig. 6. The overall agreement is better than 0.02%.

It is interesting to compare the results presented in
Fig. 6 with the results in Fig. 2, where exact TAUOLA is
compared with the single-photon mode of PHOTOS. One
can notice that the difference between the single-photon-
emission mode in PHOTOS and TAUOLA is similar to the
difference between the exponentiated mode of PHOTOS

GENERATOR Branching ratio Max SDP
n photons → 0 1 0 1
WINHAC (EXP) 0.92771 0.07229
PHOTOS (EXP) 0.92748 0.07252 0 0.0029
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Fig. 5. Multiple-photon comparison of WINHAC and PHO-
TOS (both running in the exponentiated mode) in the W+ →
µ+νµn(γ) channel, Etest = 1.0 GeV, analyzed using test1. The
plot (of largest SDP) presents the distribution of the invari-
ant mass of the µ+γ pair coming from WINHAC (in red, or
darker-grey) and PHOTOS (in green, or lighter-grey); the red
and green lines practically overlap. The black line is the ratio
of the two normalized distributions

GENERATOR Branching ratio Max SDP
n photons → 0 1 0 1
TAUOLA 0.98916 0.01084
PHOTOS EXP 0.98935 0.01065 0 0.0047
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Fig. 6. Comparison of full O(α) in TAUOLA and exponentiated
version of PHOTOS for τ− → µ−ντ ν̄µ(γ) channel, Etest =
0.05 GeV, test1 is used. The plot below presents the distribution
of invariant mass of ντ ν̄µγ from TAUOLA (in red, or darker-
grey) and PHOTOS (in green, or lighter-grey); the black curve
is the ratio of the two normalized distributions

and TAUOLA. This indicates that the dominant source of
differences is due to non-leading O(α) terms that are miss-
ing inPHOTOS (and present in fullO(α)MEofTAUOLA).
Predictions of the single-photon mode of TAUOLA are
more precise than PHOTOS predictions, even with ex-
ponentiation. Nevertheless, it must be realized that as
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Table 2. Summary of comparisons of the exponentiated algorithm of PHOTOS and WINHAC O(α)
exponentiated for leptonic W decays. For more details, see the text

GENERATOR Branching ratio Max SDP

test1 test2 test1 test2

n photons → 0 1 0 1 2 0 1 0 1 2

W+ → µ+νµ(γ) at W mass, Etest = 1.0 GeV

WINHAC EXP 0.92771 0.07229 0.92771 0.07007 0.00222

PHOTOS EXP 0.92748 0.07252 0.92748 0.07016 0.00236 0 0.0029 0 0.0025 0.0023

W+ → µ+νµ(γ) at W mass, Etest = 5.0 GeV

WINHAC EXP 0.96491 0.03509 0.96491 0.03473 0.00036

PHOTOS EXP 0.96470 0.03530 0.96470 0.04488 0.00042 0 0.0060 0 0.006 .047

W+ → e+νe(γ) at W mass, Etest = 1.0 GeV

WINHAC EXP 0.86196 0.13804 0.86196 0.12943 0.00862

PHOTOS EXP 0.86205 0.13795 0.86205 0.12909 0.00886 0 0.0022 0 0.0019 0.0094

W+ → e+νe(γ) at W mass, Etest = 5.0 GeV

WINHAC EXP 0.93083 0.06917 0.93083 0.06763 0.00153

PHOTOS EXP 0.93087 0.06913 0.93087 0.06747 0.00166 0 0.0046 0 0.0041 .0255

TAUOLA does not implement exponentiation, it is limited
to the generation of (at most) single hard-photon emission.
For cases where the topologies of configurations with two or
more photons are important, the exponentiated algorithm
implemented by PHOTOS will be more appropriate.

5.3 Tests of PHOTOS at very high energies

Because of numerical instabilities, the use of PHOTOS at
LHC energies of 14 TeV was technically limited before, by

a restriction on the minimal Emin
γ

M ratio (M being the mass
of the decaying particle, Emin

γ the minimal energy of the
generated photons). The phase space for generation had
to be significantly reduced and photons of even moderate
energies could not be generated.

We verified that the exponentiated version of the algo-
rithm, armed with the new kinematics-correction routine
implemented in PHOTOS 2.13, allows it to be used to gen-
erate bremsstrahlung in decays of very energetic particles
at the energy scales that indeed require a very low cut on
the minimal photon energy.

We performed studies using KKMC as a “host” gener-
ator for PHOTOS to produce leptonic Z decays where the
mass of the produced Z/γ intermediate state was of order

2 TeV. The value of the infrared cut-off parameter Emin
γ

M was
lowered down to the value of ∼ 10−7, which allowed the
generation of relatively soft photons, and high-statistics
runs were completed without encountering numerical sta-
bility problems. Again, we have found excellent agreement
between the exponentiated version of PHOTOS and the ex-
ponentiated O(α2) KKMC. As usual, complete numerical
results can be found on the web page [37].

5.4 Recent developments: semileptonic K decays
and universal interference weight

Recently our attention was drawn to the use of PHOTOS
in an estimation of the effects of QED radiative correc-
tions in high-precision measurements of K, B and D me-
son decays. The systematic error of the results given by
PHOTOS is important for measurements of the elements
of the Cabibbo–Kobayashi–Maskawa matrix of quark mix-
ing, because QED corrections affect the acceptance. The
insufficient precision of PHOTOS observed in [39] was no
surprise: for the case of semileptonic K decays, PHOTOS
was prepared for use in the “crude” mode only, suitable for
a full phase space coverage of bremsstrahlung for detector
studies, but not for shape estimations. The most important
missing terms in the calculations performed by PHOTOS
in this case were those from QED interference.

Thanks to the technical development performed in
PHOTOS, and partially described already in this paper,
it was rather straightforward to implement the universal
interference weight for any decay channel, as expressed by
formula (17) of [2]:

Wmulti =

∑
ε

∣
∣
∣Q1

q1·ε
q1·k + Q2

q2·ε
q2·k + . . .

∣
∣
∣
2

∑
ε Q2

1

∣
∣
∣ q1·ε

q1·k
∣
∣
∣
2

+ Q2
2

∣
∣
∣ q2·ε

q2·k
∣
∣
∣
2

+ . . .
, (1)

where Q1, Q2, . . . denote the charges of the decay products,
q1, q2, . . . denote the momenta of the decay products, k de-
notes the energy of photon, and a summation is performed
over the photon polarization states denoted by ε.

Earlier, the interference weight in PHOTOS was cal-
culated from internal angular variables and not from four-
vectors; therefore such a universal implementation was not
trivial. The impact of the new interference weight on the
photon angle distributions in K → µνπ(γ) process is pre-
sented in Fig. 7. It seems that the majority of discrepancies
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Fig. 7. Impact of the universal interference weight in PHOTOS
on predictions for the angular distribution in K → µπν(γ)
events. The distribution of the cosine of the angle between
the charged lepton and the photon generated by the older
version of PHOTOS, without the interference weight (plotted
as black dots), and PHOTOS 2.13 with universal interference
weight (plotted as red line). This figure should be compared
with Fig. 8b from [39]. The majority of discrepancies between
PHOTOS and O(α) generator KLOR seems to be removed by
using the universal interference weight

between PHOTOS and the first-order ME generator KLOR
have been removed in this way11. The complete study will
however be documented elsewhere [40].

6 Summary and outlook

We have presented numerical results from a recently up-
graded version of the PHOTOS Monte Carlo algorithm for
radiative corrections in decays of resonances. In the case
of W and Z decays, we found the precision of the simula-
tions in complete multiple-photon final states at the level
of (or better than) 0.1%. This conclusion originates from
numerous comparisons with precision Monte Carlo pro-
grams: KORALZ, KKMC and WINHAC for simulation
of radiative corrections in Z and W decays. The reliabil-
ity of those programs – from the theoretical and technical
sides – was well established by numerous applications at
LEP time, documented in a multitude of publications on
comparisons with the experimental data (in the case of Z
decay), as well as other programs and calculations.

The results we presented prove numerically that PHO-
TOS may be used with confidence to calculate brems-
strahlung in Z and W leptonic decays with a very high
precision. In the case of Higgs boson decays and leptonic
decays of τs, this precision tag is valid as well, even if
the proof is not as solid, since it relies on the test at first
order only.

11 For the complete comparison, see Fig. 8 of [39] and our
comparison web page [37].

This conclusion cannotbe extended to other decay chan-
nels, without further work involving a study of process-
dependent matrix elements. Nonetheless, the precision in
the general case is also better now.

Finally, let us stress that the mathematical side of the
multiple-photon algorithm presented here is missing a rig-
orous proof. Present-day applications do not justify such an
effort. Wherever it was possible, we have verified PHOTOS’
correctness and found that the performance was excellent.
In other cases we were limited by the availability of exact
matrix elements for single-photon emission.

A more thorough explanation of the mathematical side
of the algorithm may, however, be interesting in the fu-
ture, especially having in mind applications in QCD. Note
that algorithms of PHOTOS do not rely on the confor-
mal symmetry of soft-photon factors and the phase space
of massless particles, which is crucial in the construction
of exclusive-exponentiation algorithms as used by KKMC,
WINHAC or KORALZ.

From its origin, the algorithm of PHOTOS was devel-
oped as FORTRAN77 code, even though a C++ imple-
mentation was already completed [41] several years ago.
Since there was no standard for a C++ event record at
that time, it was not published. Recently, the experimental
communities expressed interest in using PHOTOS with the
HepMC event record [42]. This certainly is a valid option
for future development.
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